Abstract-This paper presents a class of ultra-thin metamaterial absorbers, which consists of periodic microstrip lines on top of a planar lossy substrate backed by a conducting metallic plate. A highly efficient full-wave analysis method was developed to solve the electromagnetic response of the absorbers. The influence of electromagnetic properties of the substrate and physical dimensions of the microstrip lines were analyzed. Genetic algorithm was used to optimize the absorption bandwidth of the absorbers. Effective permeability and permittivity of the absorbers were retrieved to shed a new light on the absorption mechanism of the absorbers and to explain their ultimate bandwidth limit. It was found that the ultimate bandwidth limit of the metamaterial absorbers is the same as that of normal absorbers.
INTRODUCTION
In recent years, metamaterials have drawn a great deal of attention in the scientific community. Due to their exotic electromagnetic properties resultant from the artificially tailored electric [1] and magnetic [2] responses, metamaterials have been used to produce negative refraction [3] , subwavelenth image resolution [4, 5] , and cloaking effects [6] [7] [8] . From the effective medium point of view, the exotic electromagnetic properties of metamaterials are due to the specifically tailored effective relative permeability (μ = μ − jμ ) and relative permittivity ( = − j ) [9] . In much of the research work on metamaterials, electric and magnetic loss is avoided. Actually, the loss of metamaterials can be utilized to absorb electromagnetic waves [10, 11] . In [10] , design of an absorbing metamaterial with near unity absorbance at a single frequency was presented. The perfect absorbing effect was achieved by manipulating the effective μ and of the metamaterial to match each other at a certain frequency and thus to match the wave impedance to the free space value at that frequency.
Theoretical work has revealed that short strip pairs (SSPs) [12] [13] [14] show strong magnetic responses, just as split-ring resonators (SRRs) [2] , at the free space wavelengths much larger than the distance between the two short strips. SSPs have been applied to the design of metamaterials at the frequencies of microwave and even higher. Compared with SRRs, SSPs have the advantages of easy fabrication and simple experimental characterization. For periodic SSPs, it has been analytically and experimentally demonstrated that if the width, which is in the direction perpendicular to the incident E field, of the short strips increases, the resonant frequency of the SSPs will decrease slightly [14] . In the extreme case, increasing the width of the twodimensional periodic short strips until adjacent short strips connect in the direction of width expansion will result in one-dimensional periodic microstrip lines. Thus there is actually no difference in the underlying mechanism between SSPs and microstrip line pairs. However, as shown in Section 2 and Section 4, reducing the two dimensional periodic SSPs into one-dimensional periodic microstrip line pairs results in great reduction in analysis complexity.
In this paper, the concept of microstrip line pairs is utilized to design microwave absorbing structures. Due to the image effects of the backing metallic surface of the absorber, only one of the two microstrip lines in the microstrip line pair is needed. The microstrip line and its image effectively construct a microstrip line pair. A similar absorbing structure can also be found in [15] , where the absorption mechanism of the structure is explained in terms of resonance of the Fabry-Perotlike standing wave modes. Rather than explanation of the physics underlying this absorber, the main objective of this paper is to study the influence of both the electromagnetic properties of the substrate and the periodic metallic patches on the absorption performance, and to develop an efficient procedure to design the metamaterial absorbers. The structure of this paper is given as follows. After the introduction given in this section, a highly efficient and accurate analysis method for the uniform microstrip line metamaterial absorber is presented in Section 2. Section 3 presents the application of the genetic algorithm to the optimization of the metamaterial absorber in terms of absorption bandwidth. To further increase the absorption bandwidth, a nonuniform microstrip line metamaterial absorber and its analysis method are presented in Section 4. In Section 5, the effective permeability and permittivity of the microstrip line metamaterial absorbers are retrieved, which shed a new light on the absorption mechanism of the metamaterial absorbers. The ultimate bandwidth limit of the metamaterial absorbers is explained in Section 6. In Section 7, a brief conclusion is drawn.
UNIFORM MICROSTRIP LINE METAMATERIAL ABSORBER
The uniform microstrip line metamaterial absorber is illustrated in Fig. 1 . For simplicity, only normal incidence is considered. The polarization direction of the electric fields is perpendicular to the microstrip lines. The microstrip lines and the backing metallic wall are assumed to be perfectly electric conductors (PEC). With the periodic characteristic of the structure taken into account, the computational model of the original structure is shown in Fig. 2 . It can be seen that the computational model actually is an ideal short-ended parallel plate discontinuous waveguide. Due to the uniformity of the structure in the y direction, analysis can be simply performed on the cross section of the structure in the xz plane.
Mode matching method [16] [17] [18] [19] [20] has been widely used to efficiently solve waveguide discontinuity problems. For the parallel plate discontinuous waveguides, usually there are two types of discontinuities, as shown in Fig. 3(a) and Fig. 3(b) respectively. For illustration of the principle of the mode matching method when applied to the parallel plate discontinuous waveguides, the discontinuity shown in Fig. 3(a) is considered first. The structure has two sections, i.e., section A and section B, separated by a discontinuity interface located at z = z 0 . Since the structure is uniform along the y direction, only transverse magnetic (TM) modes are excited on the discontinuity interface for the transverse electric and magnetic (TEM) wave excitation. The two kinds of discontinuities can be analyzed based on the mode matching method by following the similar analysis procedure presented in [17] . The equations as below can be obtained for the discontinuity in Fig. 3(a) :
where C An , C An Γ An , C Bm , and C Bm Γ Bm are the unknown coefficients to be determined, which represent the magnitudes of the nth forward (−z direction) traveling mode in section A, the nth backward (+z direction) traveling mode in section A, the mth forward traveling mode in section B, and the mth backward traveling mode in section B respectively:
In Fig. 3(b) , section B has a larger cross section than section A. The resultant equations obtained can be expressed as below:
where
It is noted that in the first section the given incident TEM wave is the only forward traveling mode. When the last section extends into infinity, there will be no backward traveling waves. In other words, the reflection coefficients of all the modes in the last section are zeros in that case. When the last section is short-ended, the reflection coefficients of all the modes in the last section are −1. With the boundary conditions of the first section and the last section taken into account, the number of the unknown variables is equal to the number of the equations obtained. The equations can be written into the following matrix form from which the unknown coefficients can be easily solved:
In (14), the superscript T means transposition of the matrix. The first and only nonzero element in the right hand side of (14) is due to the incident TEM wave, as can be seen from (1) and (8) .
The mode matching method presented above has been validated by comparison of the reflection coefficients of the microstrip line metamaterial absorbers obtained by using the method and the commercial software HFSS. As a simple example, w and g shown in Fig. 1 are assumed to be 5.0 mm and 0.4 mm respectively. The relative permittivity of the substrate is 6.22 (1 − j0.19) . The thickness of the substrate is 0.8 mm. The calculated reflection coefficients of the absorber are shown in Fig. 4 . Very good agreement between the results of the mode matching method and those of HFSS can be observed. In this example, the time needed for the mode matching method to obtain the results shown in Fig. 4 at 60 frequency points is around 3.7 seconds 
OPTIMIZATION OF THE METAMATERIAL ABSORBER BY USING THE GENETIC ALGORITHM
The electromagnetic response of the metamaterial absorber is determined by many factors, including the width of the microstrip lines, the gap between the microstrip lines, the thickness of the substrate, and the permeability and permittivity of the substrate. Thus optimization of the performance of the microstrip line metamaterial absorber is a high-dimensional optimization problem.
It is well known that the genetic algorithm is commonly used in high-dimensional optimization problems in many areas including electromagnetics [19, [21] [22] [23] [24] [25] . The genetic algorithm is a robust stochastic search method, which is modeled on the principles and the concepts of natural selection and evolution. Genetic algorithm can be used in many different areas. The only connection between the genetic algorithm and the specific problem to be optimized is the fitness function. The returned value of the fitness function represents the goodness of the solution. The input parameters to be optimized are coded into a finite-length string consisting of real numbers. The coded parameters are represented by genes in the chromosome. The genetic algorithm operates on the genes rather than the parameters themselves, and thus is independent on the actual solution space. During the optimization process, the genetic algorithm iteratively evolves the genes by performing the selection, crossover and mutation operation to maximize the returned value of the fitness function.
For optimization of the metamaterial absorber, the appropriate fitness function has to be defined first. The reflection coefficients of the absorbers in the frequency range from f 1 and f 2 can be typically illustrated in Fig. 5 . In the frequency range from f 1 and f 2 , the reflection coefficients are below the required absorption limit, e.g., −10 dB. The main objective of the optimization is to maximize the −10 dB absorption bandwidth around the center frequency f 0 . The bandwidth can be written as follows:
There may be some cases where the absorption bandwidths are the same while the absorption strengths, which are depicted as Area 1 in Fig. 5 , are different. With the absorption strength taken into account, the fitness function can be expressed as follows: fitness = Bandwidth + weight × Area 1, (Bandwidth > 0) (16) where weight is a small number such that the returned value of the fitness function is mostly dependent on the bandwidth. The fitness function defined in (16) is valid as long as the bandwidth is larger than zero. However, there may be many cases where the reflection coefficients are all above the absorption limit, and thus the bandwidth is zero. In those cases the fitness function can be defined in terms of Area 2 in Fig. 5 as follows:
From (16) and (17), the fitness function of the absorber in any case is well defined. The returned value of the fitness function reflects the goodness of the absorber. It is worthwhile to mention that the returned value of the fitness function defined in (17) is negative. In our implementation of the genetic algorithm, since the method of selecting individuals to be replaced in a generation is replacement of the least fit individuals, negative returned value of the fitness function is thus allowed.
The highly efficient mode matching method presented in the last section makes it practical to optimize the metamaterial absorber by using the genetic algorithm. During the optimization process, the thickness of the microstrip lines is set to be 0.02 mm which is in the typical range of the thickness of metallic coatings. The influence of the variation of that thickness is numerically analyzed and found to be negligible when the thickness is in the range from 0.01 mm to 0.03 mm. Furthermore, the microstrip lines are assumed to be perfectly electric conductors (PEC), which are found numerically to be very good approximation to coppers which are usually used in metallic coatings.
As previously mentioned, the performance of the metamaterial absorber is determined by the width (w) of the microstrip lines, the gap (g) between the microstrip lines, the thickness of the substrate (t), and the relative permeability (μ = μ(1 − j tan δ μ )) and the relative permittivity ( = (1 − j tan δ )) of the substrate. Those parameters are to be determined by using the genetic algorithm. The metamaterial absorber consisting of dielectric substrate is considered first. The searching boundaries of the parameters to be determined and the number of bits of the binary coding are shown in Table 1 .
In this example, the thickness of the substrate is chosen to be 0.5 mm, i.e., around 1/66λ when the center frequency of the absorption waveband is 9 GHz. The lower bound of g shown in Table 1 is mainly determined by the manufacturing precision. The other searching bounds are determined to cover the mathematically possible and physically realizable solutions. For easy and precise manufacturing of the microstrip lines, the binary coding bits of w and g are chosen to be 5 and 3 respectively such that all the possible w and g are of integer times of 0.1 mm. The coding bits of the other parameters are set to be 16 such that those parameters can vary almost continuously in their searching bounds. The optimized parameters of the metamaterial absorber consisting of a dielectric substrate are shown in the first row in Table 2 . Table 2 . The results of the optimized uniform microstrip line metamaterial absorbers (t = 0.5 mm).
Searching bounds of μ w
Optimization of the metamaterial absorber consisting of a magnetic substrate can be similarly carried out by specifying the searching boundaries of μ and keeping the searching boundaries of the other parameters shown in Table 1 unchanged. The optimized results for three different searching boundaries of μ are shown in the last three rows in Table 2 . From Table 2 , it can be seen that the optimized bandwidth is approximately proportional to μ . Further discussions on the influence of the permeability and the thickness of the substrate on the bandwidth of the metamaterial absorber are presented in Section 6. The reflection coefficients of the optimized absorbers in Table 2 are shown in Fig. 6 . 
NONUNIFORM MICROSTRIP LINE METAMATERIAL ABSORBER
In the last section, uniform microstrip line metamaterial absorber was optimized by combining the highly efficient mode matching method and the genetic algorithm. From the optimized results, it can be seen that a strong absorption peak occurs at the center frequency of the absorption waveband. From the equivalent circuit point of view, the microstrip line pair constructed from a mirostrip line and its image with respect to the backing metallic wall can be seen as parallel of a lossy capacitor and an inductor which is also lossy for a magnetic substrate. The center frequency corresponds to the resonant frequency of the equivalent LC circuit. The parameters of the equivalent capacitor and the equivalent inductor are determined by both the electromagnetic properties of the substrate and the physical dimensions of the microstrip line pair. Thus, when nonuniform microstrip lines are used in the periodic unit as shown in Fig. 7 , the equivalent circuit of the microstrip line pairs cannot be represented by a single parallel LC circuit anymore. The nonuniform microstrip lines lead to multiple parallel LC circuits with different resonant frequencies in the equivalent circuit. Thus, the absorption bandwidth of the absorber may be broadened by proper design of the nonuniform microstrip lines. However, the equivalent circuit is only good for qualitative analysis, even for very simple structures [13, 14, 26, 27] . To accurately determine the performance of the nonuniform microstrip line metamaterial absorber, we have to resort to the numerical methods. The only difference between the computational models of the uniform microstrip line metamaterial absorber and the nonuniform microstrip line metamaterial absorber is that there are two gaps in the second section, i.e., the section consisting of the metallic microstrip lines, in the latter computational model, as shown in Fig. 8 . There are two types of waveguide discontinuity interfaces in the structure, as shown in Fig. 9(a) and Fig. 9(b) respectively. For the discontinuity interface shown in Fig. 9(a) , the following equations can be obtained by following the similar analysis procedures in the mode matching method [17] :
where the terms with the subscript p and q are related to waveguide p and waveguide q shown in Fig. 9 (a) respectively, L 1n is the same as expressed in (3), and
For the discontinuity interface shown in Fig. 9(b) , the following equations can be obtained:
By using (18), (19), (22) and (23), and the boundary conditions of the first section and the last section in the whole computational model, the equation in the form of (14) can be obtained similarly, from which the unknown coefficients can be solved. To maximize the −10 dB absorption bandwidth of the nonuniform microstrip line metamaterial absorber, the genetic algorithm can be used to optimize the widths of the microstrip lines and the gaps between the microstrip lines in the periodic unit, and the electromagnetic properties of the substrate. As an example, the reflection coefficients of an optimized 0.8 mm thick dielectric substrate microstrip line metamaterial absorber are shown in Fig. 10 . The optimized parameters of the absorber are shown in Table 3 . Based on these optimized parameters, the commercial software HFSS is also used to simulate the reflection coefficients of the metamaterial absorber. From Fig. 10 , very good agreement between the results of the mode matching method (shown as circles) and HFSS (shown as a solid line) can be observed. The great increase of absorption bandwidth by using nonuniform microstrip lines can be easily observed by comparison of Fig. 10 and Fig. 4 which shows the reflection coefficients of an optimized uniform microstrip line metamaterial absorber with the same thickness of substrate and the same center frequency.
The microstrip line metamaterial absorber is sensitive to the polarization direction of the incident waves. In the applications which need the absorbers to be insensitive to the polarization direction, the rectangular patch metamaterial absorber as shown in Fig. 11 can be used. The rectangular patch metamaterial absorber is constructed by applying the one-dimensional periodic pattern of the microstrip line metamaterial absorber in both the x and the y directions. Based on the parameters in Table 3 , the reflection coefficients of the rectangular patch metamaterial absorber are calculated by using HFSS. The simulation results are shown in Fig. 10 as '+'. It can be seen from Fig. 10 that the reflection coefficients of the two types of metamaterial are very similar. Thus the optimized microstrip line metamaterial absorber is a good starting point for the design of the rectangular patch metamaterial absorber. It is noted that the absorption peaks of the rectangular patch metamaterial absorber shifts slightly toward higher frequencies. The reason has been previously mentioned and explained in detail in [14] . 
EFFECTIVE PERMEABILITY AND PERMITTIVITY OF THE METAMATERIAL ABSORBER
For better characterization of metamaterials, researches have been done to retrieve their effective permeability and permittivity [9, 26, 27] . A "foolproof" approach for unique retrieval of the effective μ and of metamaterials by enforcing causality is presented in [27] . The KramersKronig relation between the real part (α) and the imaginary part (β) of the effective complex propagation constant (γ = α + jβ) in the sample is used to reconstruct β in terms of α. Since α is well determined, and β contains an unknown integer m, the reconstructed β from the Kramers-Kronig relation provides a guideline for the correct choice of m. No initial guess of m is required.
Without loss of generality, the uniform microstrip line metamaterial absorber shown in Fig. 1 is considered. The computational model of the absorber is shown in Fig. 2 . Due to the image effect of the short end, the model in Fig. 2 is equivalent to that in Fig. 12 . After the scattering parameters of the structure in Fig. 12 are solved by using the mode matching method presented above, the effective μ and can be retrieved by using the approach in [29] . It is true that the periodic unit of the microstrip line metamaterial absorber, especially the nonuniform microstrip line metamaterial absorber, may not be much smaller than the wavelength of the upper frequency in the waveband of interest. But it is not difficult to find that as long as all the high order modes cannot propagate, only TEM wave will exist somewhere away from the metamaterial absorber. In that sense, metamaterial absorber can be totally equivalent to a homogenous slab absorber with the permeability and permittivity of the slab being the effective values retrieved. As an example, the uniform microstrip line metamaterial absorber shown in the first row in Table 2 is considered. The retrieved effective μ and of the metamaterial absorber are shown in Fig. 13 as the lines without the circle markers.
For simple validation of the retrieved effective μ and , the reflection coefficients of the metamaterial absorber are obtained by using the following well known equation for normal single-layered metal-backed slab absorbers [30] :
and t is the thickness of the substrate. The reflection coefficients are also calculated based on the computational model in Fig. 2 by using the mode matching method. The results of the two methods are shown in Fig. 14. Very good agreement between the results of the two methods can be observed. From Fig. 13 , it can be seen that strong magnetic response occurs around 9 GHz. Since the substrate is non-magnetic, the magnetic response is due to the resonant effect of the metallic structure. From  Fig. 12 , it can be clearly seen that the metallic microstrip line and its image effectively form a microstrip line pair, which acts as an effective macro magnetic atom to produce the magnetic response [13, 14] . At very low frequencies, since the resonant effect of the microstrip line pair disappears, the magnetic response is dependent on the substrate only. Thus the effective relative permeability shown in Fig. 13(a) tends to be the relative permeability of the substrate, i.e., 1, at very low frequencies. If the relative permeability of the substrate is assumed to be 1.5(1 − j0.1) and the relative permittivity and the physical dimensions shown in the first row in Table 2 remain unchanged, the retrieved effective μ and of the uniform microstrip line metamaterial absorber are shown in Fig. 13 as the lines with the circle markers. In this case, it can be seen that the effective relative permeability at very low frequencies approaches 1.5(1 − j0.1).
From Fig. 14(b) , it can be seen that the effective permittivity of the absorber at very low frequencies are much higher than the permittivity of the substrate. The enhancement of the permittivity is due to the large capacitance between the metallic microstrip lines. Since the electric response of the structure at very low frequencies are independent on the permeability of the substrate, the effective permittivities of the two metamaterial absorbers with different permeabilities of the substrate are the same at very low frequencies, as can be seen from Fig. 13 . Around the resonant frequency, the antiresonant frequency dependence of the effective permittivity is observed. According to [31, 32] , that phenomena is due to the finite spatial periodicity of the metamaterial. (27)).
ULTIMATE BANDWIDTH LIMIT OF THE METAMATERIAL ABSORBER
In the last two sections, efforts have been put into widening the −10 dB absorption bandwidth of the ultra-thin metamaterial absorber by optimizing the configuration of the PEC patches and the electromagnetic properties of the substrate. However, it will be useful to determine the ultimate bandwidth limit of this kind of absorber. In [33] , very interesting researches have been reported on deriving the ultimate thickness to bandwidth ratio of traditional single-layered or multi-layered metal-backed slab absorbers. From the analysis in the last section, it can be seen that the metamaterial absorber can also be seen as a single-layered metal-backed slab absorber with the permeability and the permittivity of the slab to be the determined effective values. Thus it is not difficult to find that the following bandwidth limitation shown in [33] for metal-backed single-layered slab absorbers also holds for the metamaterial absorbers:
where ρ is the reflection coefficient of the absorber, λ is the wavelength, μ s = μ | λ→∞ is the static relative permeability of the substrate, and t is the thickness of the substrate. Suppose the reflection coefficient is ρ 0 in the waveband from λ min to λ max . From (29) , the following inequality can be obtained [33] :
From (30) , the inequality in terms of frequency can be obtained as follows:
where c is the speed of light in the free space and f 0 is the center frequency in the absorption waveband Δf , and
From either (29) or (32), it can be seen that with increasing static permeability and thickness of the substrate, the bandwidth limit of the metamaterial absorber increases. However, it has to be mentioned that when (30) is derived, the reflection coefficients in the absorption waveband are assumed to be exactly the required absorption limit [33] . Thus the bandwidth limit predicted by using either (30) or (31) will be larger than the maximum physically realizable bandwidth. In other words, what (30) or (31) predicts is the bandwidth limit that the absorbers can never obtain, not the maximum physically realizable bandwidth. From the previous analysis, it is also obvious that artificial frequency dispersion of the effective permeability and permittivity of the metamaterial absorber does not result in an increase of bandwidth limit. However, since the artificial frequency dispersion of the effective permeability and permittivity is dependent on both the pattern of the periodic metallic patches and the electromagnetic properties of the substrate, it can be manipulated more easily, with more freedom than the dispersion of normal materials. Furthermore, it is true that in practice the available normal materials are always limited. It is very difficult and time consuming, if not impossible, to improve the performance of the normal slab absorber by altering the electromagnetic properties of the materials to produce the optimized frequency-dispersive permeability and permittivity. In that practical sense of view, the bandwidth of the metamaterial absorber can be easily larger than that of the normal slab absorbers. An example is given as below to illustrate the conclusion.
For normal metal-backed slab absorbers made of dielectric substrate with frequency independent permittivity, the maximum absorption bandwidth can be expressed as follows [33] :
where Δλ is the absorption bandwidth expressed in wavelength, ρ 0 is the desired reflection coefficient, and t is the thickness of the dielectric substrate. According to (33) , when t is 0.5 mm, the −10 dB absorption bandwidth around the center frequency 9 GHz is 0.48 GHz, which is even less than the bandwidth of the uniform microstrip line metamaterial absorber shown in the first row in Table 2 , not to mention that of the nonuniform microstrip line metamaterial absorber. Actually, combined with (27) , genetic algorithm can be used to find the permittivity of the dielectric substrate of the normal slab absorber with the maximum absorption bandwidth expressed in (33) . For example, for a 0.5 mm thick dielectric slab absorber, the relative permittivity found is 278(1 − j0.093) when −10 dB is the desired absorption limit and 9 GHz is the center frequency in the absorption waveband. The high permittivity is resultant from the small thickness of the absorber. The high permittivity required could be another disadvantage of the normal slab absorbers since it is not easy to realize high permittivity with light weight materials.
CONCLUSION
Mode matching method can be used to efficiently solve the electromagnetic response of the microstrip line metamaterial absorbers. To optimize the metamaterial absorbers, genetic algorithm can be used. The microstrip line metamaterial absorbers are sensitive to the polarization direction of the incident waves. In the applications where the absorbers are required to be insensitive to the polarization direction, two-dimensional periodic rectangular patch metamaterial absorbers can be simply designed by applying the one-dimensional periodic pattern of the microstrip line metamaterial absorbers in both the two orthogonal directions. The effective permeability and permittivity of the ultra-thin microstrip line metamaterial absorbers are retrieved, which shed a new light on the absorption mechanism and help to explain the ultimate bandwidth limit. It has been found that the ultimate bandwidth limit of the metamaterial absorbers is determined by their substrates, thus the same as that of normal absorbers.
